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In recent times, the researchers have broaden their studies
towards the regime of heat and mass transfer problems on account
of rapid applications in the field of industrial and chemical
engineering processes. For instance, it occurs in many processes
which involves the design of chemical processing equipment, food
processing, cooling towers, damage of crops due to freezing,
desalination, refrigeration and air conditioning, compact heat
exchangers, solar power collectors, etc. Moreover, in numerous
practical applications mass transfer takes place by diffusive opera-
tions. The molecular diffusion of species take place in the presence
of two types of chemical reactions namely, homogeneous and
heterogeneous. A homogeneous reaction is one in which the rate
of generation may vary from point to point in the medium (i.e,
may be uniform throughout a given phase) and is analogous to
internal source of heat generation. However, a heterogeneous
reaction takes place in a restricted region or within the boundary
of a phase. Subsequently, the investigation of heat and mass
transfer in the presence of chemical reaction is of awesome
practical significance to engineers and scientists in different
branches of science and engineering [1]. Minkowycz et al. [2] have
discussed the effect of surface mass transfer on buoyancy induced
Darcian flow adjacent to a horizontal surface using non-similaritysolutions. The combined effects of free convective heat and mass
transfer on the steady two-dimensional, laminar, polar fluid flow
through a porous medium in the presence of internal heat genera-
tion and chemical reaction of the first-order were analyzed by Patil
and Kulkarni [3]. Pal and Mondal [4] reported the effects of Soret
Dufour, chemical reaction and thermal radiation on MHD non-
Darcy unsteady mixed convective heat and mass transfer over a
stretching sheet. Pal and Mondal [5] analyzed MHD non-Darcian
mixed convection heat and mass transfer over a non-linear
stretching sheet with Soret–Dufour effects and chemical reaction.
Hayat et al. [6] examined the impact of stagnation point flow with
Cattaneo-Christov heat flux and homogeneous-heterogeneous
reactions. Khan et al. [7] scrutinized the characteristics of chemical
processes on 3D Burgers fluid utilizing Cattaneo-Christov
double-diffusion. Recently, assessment on characteristics of
heterogeneous-homogenous processes in three-dimensional flow
of Burgers fluid has been studied by Khan et al. [8].
Radiation impact on forced convection flows plays a superficial
role in controlling and adjusting heat transfer process in polymer
processing industry. Recent improvements in gas cooled nuclear
reactors, nuclear power plants, gas turbines, space vehicles, and
hypersonic flights have fascinated research in this field. Thermal
radiation impact becomes important when the difference between
the surface and the ambient temperature is large. Also thermal
radiation is one of the major factors for controlling the heat trans-
fer in a non-isothermal system. Thermophoresis is a process in
which a particle can diffuse under the effect of a temperature
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technology. The force which a particle experiences because of
thermal gradient is called thermophoretic force. Goren [9] was
amongst the first who investigated the behavior of the thermo-
horesis of aerosol particles in a viscous laminar boundary layer
over a flat plate. Garg and Jayaraj [10] analyzed numerically the
thermophoretic deposition of small particles of a laminar slot jet
on an inclined plate. Chamka and Pop [11] discussed the heat
and mass transfer in a steady laminar boundary layer flow of vis-
cous fluid over a vertical flat plate embedded in a porous medium
in the presence of thermophoresis particle deposition effect.
Chamkha et al. [12] considered the two dimensional free convec-
tion flow over a flat surface in the presence of thermophoretic
and heat generation/absorption. Thermophoretic MHD flow of vis-
cous fluid over an inclined surface with thermal radiation and heat
generation/absorption was studied by Noor et al. [13]. Sheikh and
Abbas [14] have investigated the effects of thermophoresis and
heat generation/absorption on MHD flow due to an oscillatory
stretching sheet with chemically reactive species. Haq et al. [15]
investigated the impact of thermal radiation and slip effects on
MHD stagnation point flow of nanofluid over a stretching sheet.
Khan et al. [16] studied the impact of mass flux conditions on
the 3D flow of Burgers nanofluid over a bidirectional stretching
surface in the presence of non-linear thermal radiation and heat
generation/absorption.
To confront the difficulties in areas of science and technology
researchers are compelled to study the boundary layer flow of
non-Newtonian fluids in view of their applications in industry
and technology. Amongst the non-Newtonian fluids [17–28] the
Burgers fluid model is of great importance because it exhibits rhe-
ological properties of many real fluids such as asphalt in geome-
chanics and cheese in food products. Burgers fluid model has
been effectively used to depict the motion of the earth’s mantle
and this model is the preferred model to portray the response of
asphalt and asphalt concrete [29]. Also, Burgers fluid model is
one of the most important fluid model which is used to model
other geological structures such as Olivine rocks and the propaga-
tion of seismic waves in the interior of the earth [30]. Several
authors studied the Burgers fluid model including Hayat et al.
[31]. They analyzed the exact solution for rotating flows of a
generalized Burgers fluid in a porous space. Recently, Khan and
Khan [32] reported the forced convection analysis for generalized
Burgers nanofluid flow over a stretching sheet.
This article communicates the thermophoresis effects in the
forced convection radiative flow of Burgers fluid over a
bidirectional stretching surface in the presence heat generation/
absorption effects. In this paper, the conservation laws of mass,
momentum, energy and concentration are reduced into self-
similar form by utilizing the appropriate transformation variables.
Then to explore the results, analytical solutions will be generated
by employing the homotopy analysis method (HAM). Further, the
effects of the controlling parameters will be analyzed graphically.
Also, the local Nusselt and the local Sherwood numbers are
examined with the help of tabular values.
2. Basic equations
The constitutive equations of the mass, momentum, energy and
mass transfers describing the steady flow of Burgers fluid in the
presence of thermal radiation and heat generation/absorption in
the vectorial form can be written as
div V ¼ 0; ð1Þ
q V  $ð ÞV ¼ $pþ $  S; ð2ÞV  $ð ÞT ¼ a$2T þ Q0
qCp
ðT  T1Þ  1qCp ð$  qÞ; ð3Þ
V  $ð ÞC ¼ D$2T  $  ðVTCÞ; ð4Þ
1þ k1 DDt þ k2
D2
Dt2
 !
S ¼ l 1þ k3 DDt
 
A1 ð5Þ
Here V denotes the velocity vector, T the temperature of the
fluid, C the concentration, q the fluid density, p the pressure, a
the thermal diffusivity, Q0 the heat generation/absorption
parameter, q the radiative heat flux, D the molecular diffusivity
of the concentration species and VT the thermophoretic velocity.
Furthermore, S is the extra stress tensor, A1 ¼ ð$VÞ þ ð$VÞT the
first Rivlin–Ericksen tensor, l the dynamic viscosity, k1 and k3
ð6 k1Þ the relaxation and retardation times, respectively, k2
ð< k1k3Þ the material parameter of the Burgers fluid and DDt is
given by
Dai
Dt
¼ @ai
@t
þ urai;r  ui;rai ð6Þ
For a three-dimensional flow in Cartesian coordinates, we
assume the velocity, temperature, concentration, and stress fields
of the form
V ¼ ½u x; y; zð Þ; v x; y; zð Þ;w x; y; zð Þ; T ¼ Tðx; y; zÞ;
C ¼ Cðx; y; zÞ; S ¼ Sðx; y; zÞ: ð7Þ
By substituting Eq. (7) into Eqs. (1)–(5) and having in mind Eq.
(6) and following the procedure of Ref. [33] (see pages 221–223) a
lengthy but straight forward calculations result in the relevant
governing equations for the steady three-dimensional flow of
Burgers fluid as follows:
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where m ¼ lq is the kinematic viscosity.In view of the standard boundary layer assumptions, the result-
ing aligns for the three-dimensional flow of Burgers fluid are
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By utilizing the Rosseland approximation for radiation, the
radiative heat flux qr is simplified as
qr ¼ 
4r
3v
@T4
@z
; ð18Þ
832 W.A. Khan, M. Khan / Results in Physics 6 (2016) 829–836where r and v are the Stefan–Boltzmann constant and mean
absorption coefficient, respectively. By expressing the term T4 as a
linear function of the temperature using the Taylor’s series expan-
sion about T1 and neglecting higher-order terms, one has
qr ¼ 
16rT31
3v
@T
@z
: ð19Þ
In view of Eqs. (18) and (19), the energy Equation (16)
becomes
u
@T
@x
þ v @T
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¼ k
qcp
@2T
@z2
þ 16rT1
3qcpv
@qr
@z
þ Q0
qCp
ðT  T1Þ; ð20Þ
The thermophoretic velocity VT can be defined in the form
VT ¼  k
m
Tr
@T
@z
; ð21Þ
where Tr is the reference temperature and k
 the thermophoretic
coefficient.
In view of Eq. (21), the concentration equation (17) has the
form
u
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þ v @C
@y
þw @C
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¼ D @
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@z2
þ k
m
Tr
@
@z
@T
@z
C
 
ð22Þ3. Formulation of the problem
Let we consider the steady three-dimensional ðx; y; zÞ motion of
an incompressible forced convective flow of a Burgers fluid over
bidirectional stretching surface with linear velocities u ¼ ax
and v ¼ by, where a and b are taken as constants. The x-axis and
y-axis are directed along the continuous stretching sheet, z the
coordinate measured normal to them and the flow takes place in
z > 0. It is assumed that the temperature and the concentration
at the sheet are constant with values Tw and Cw respectively,
while the ambient fluid temperature and concentration are T1
and C1 respectively. Under these assumptions, with standard
boundary layer approximation, the governing problem can be
written as
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u ¼ ax; v ¼ by; w ¼ 0; T ¼ Tw; C ¼ Cw at z ¼ 0; ð27Þ
u ! 0; @u
@z
! 0; v ! 0; @v
@z
! 0; T ! T1; C ! C1 as z !1:
ð28Þ
Introducing dimensionless velocities, temperature, concentra-
tion and variable g as:
u x; yð Þ ¼ axf 0 gð Þ; v x; yð Þ ¼ ayg0ðgÞ; w ¼  ﬃﬃﬃﬃﬃamp f ðgÞ þ gðgÞ½ 
h gð Þ ¼ T  T1
Tw  T1 ; / gð Þ ¼
C  C1
Cw  C1 ; g ¼ z
ﬃﬃﬃ
a
m
r
: ð29Þ
In perspective of Eq. (29), Eqs. (23)–(28) are reduced to the fol-
lowing boundary value problem:
f 000 þ ðf þ gÞf 00  f 02 þ b1 2ðf þ gÞf 0f 00  ðf þ gÞ2f 000
h i
þ b2½ðf þ gÞ3f iv  ðf þ gÞ2f 00ðf 00 þ g00Þ  2ðf þ gÞ2 f 00
 2
 2ðf þ gÞðf 0 þ g0Þf 0f 00  2g0ðf þ gÞ3f 000 þ b3½2ðf 00 þ g00Þf 00
 ðf þ gÞf iv  ¼ 0; ð30Þ
g000 þ ðf þ gÞg00  g02 þ b1 2ðf þ gÞg0g00  ðf þ gÞ2g000
h i
þ b2½ðf þ gÞ3giv  ðf þ gÞ2g00ðf 00 þ g00Þ  2ðf þ gÞ2 g00ð Þ2
 2ðf þ gÞðf 0 þ g0Þg0g00  2f 0ðf þ gÞ3g000 þ b3½2ðf 00 þ g00Þg00
 ðf þ gÞgiv  ¼ 0; ð31Þ
1þ 4
3
R
 
h00 þ Prðf þ gÞh0  Prf 0hþ Prkh ¼ 0; ð32Þ
/00 þ Scðf þ gÞ/0  Scf 0/þ Scsh00/ Scsh0/0 ¼ 0; ð33Þ
f ¼ 0; g ¼ 0; f 0 ¼ 1; g0 ¼ a; h ¼ 1;/ ¼ 1 at g ¼ 0; ð34Þ
f 0 ! 0; f 00 ! 0; g0 ! 0; g00 ! 0; h ! 0;/ ! 0 as g!1: ð35Þ
Fig. 1. Variation of temperature field hðgÞ with g for several values of the radiation parameter R (panel-a) and heat source parameter k (panel-b).
(a) (b)
Fig. 2. Variation of temperature field hðgÞ with g for several values of the Prandtl number for Pr < 1 (panel-a) and Pr > 1 (panel-b).
W.A. Khan, M. Khan / Results in Physics 6 (2016) 829–836 833where b1;3 ¼ k1;3a and b2 ¼ k2a2 are the Deborah numbers, a ¼ ba the
stretching parameter, R ¼ 4rT313vk the radiation parameter, k ¼ Q0qaCp the
heat source (generation/absorption) parameter;Pr ¼ mqCpk the Prandtl
number, Sc ¼ mD the Schmidt number, s ¼  k
ðTwT1Þ
Tr
the ther-
mophoretic parameter.
From physical point of view, the important characteristics of
flow are the local Nusselt number Nux and the local Sherwood
number Shx which can be characterized as
Nux ¼  xTw  T1ð Þ
@T
@z
 
z¼0
; Shx ¼  xCw  C1ð Þ
@C
@z
 
z¼0
ð36Þ
The above dimensionless variables reduce the above quantities
in the following form
Re
1
2Nux ¼  1þ 43R
 
h0 0ð Þ; Re12Shx ¼ /0 0ð Þ; ð37Þ
in which Re ¼ ux=m is the local Reynolds number.4. The analytic series solutions
The governing non-linear ordinary differential Eqs. (30)–(33)
with the boundary conditions Eqs. (34) and (35) are solved analyt-
ically by utilizing the homotopy analysis method (HAM). For such
analytic solution corresponding to the heat and mass transfer, the
appropriate initial guesses and linear operators are chosen as
follows:
f 0ðgÞ ¼ 1 eg; g0ðgÞ ¼ að1 egÞ; h0ðgÞ ¼ eg; /0ðgÞ ¼ eg
ð38Þ
£f ¼ f 000  f 0; £g ¼ g000  g0; £h ¼ h00  h0; £h ¼ /00  /0 ð39Þ5. Graphical results and discussion
In order to record the physical insight, extensive analytical
computations have been performed with varying impacts of the
(a) (b)
Fig. 3. Variation of concentration field /ðgÞ with g for several values of the stretching parameter a (panel-a) and the Deborah numbers b1 (panel-b).
(a) (b)
Fig. 4. Variation of concentration field /ðgÞ with g for several values of the Deborah numbers b2 (panel-a) and the Deborah numbers b3 (panel-b).
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stretching parameter a, the radiation parameter R, the heat source
parameter k, the Prandtl number Pr, the Schmidt number Sc and
the thermophoretic parameter s. Furthermore, the dimensionless
heat transfer Nux and mass transfer Shx rates are reported through
table A.
To visualize the development of the thermal boundary layer for
Burgers fluid, the temperature profile for different values of the
radiation parameter R and the heat source parameter k are plotted
in Fig. 1(a,b). Fig. 1a tracks the evolution of the temperature distri-
butions hðgÞ for varying values of the radiation parameter R. It is
straightforwardly appeared from this figure that the fluid temper-
ature builds up for stronger thermal radiation. This happens
because of the way that the surface heat flux increases under the
influence of thermal radiation which results in increasing temper-
ature inside the boundary layer region. It is also observed that the
thermal boundary layer thickness increases with increasing thevalues of the radiation parameter. The variation in non-
dimensional temperature distribution with the increment for a
few sets of values of the heat source parameter k is illustrated in
Fig. 1b. An observation of this figure makes it clear that the tem-
perature profile is increasing function of heat source parameter.
Because the heat generation phenomenon (k > 0) gives more heat
to the fluid that corresponds to an increase in the temperature pro-
file and the corresponding thermal boundary layer thickness.
In Fig. 2(a,b) the variation of temperature distributions within
the boundary layer for various values of the Prandtl number Pr is
presented for Pr < 1 and Pr > 1, respectively. These figures reveal
that the temperature distribution decreases for larger values of
the Prandtl number for both cases (i:e:;Pr < 1 and Pr > 1). Physi-
cally, an increase in the value of the Prandtl number represents
the slow rate of thermal diffusion which as a result reduces the
thermal boundary layer thickness. We can compare these figures
to affirm that the temperature is larger in case of Pr < 1 as com-
(a) (b)
Fig. 5. Variation of concentration field /ðgÞ with g for several values of the Prandtl number Pr (panel-a) and heat source parameter k (panel-b).
(a) (b)
Fig. 6. Variation of concentration field /ðgÞ with g for several values of the Schmidt number Sc (panel-a) and thermophoretic parameter s (panel-b).
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that fluids with low Prandtl number (Pr < 1) decay more slowly
when compared to fluids with higher Prandtl number Pr > 1ð Þ.
Fig. 3(a,b) show concentration distribution variation for the
ratio of stretching rates parameter a and the Deborah numbers
b1. It is anticipated from Fig. 3(a) that the concentration distribu-
tion diminishes as a increases. Moreover, it is also observed that
the concentration distribution and the corresponding concentra-
tion boundary layer thickness increases for larger values of the
Deborah number b1.
Fig. 4(a,b) illustrate the variation of the concentration distribu-
tion and concentration boundary layer thickness in response to
change in the Deborah numbers b2 and b3. It is illustrated through
Fig. 4(a) that there is a rise in the concentration distribution and
the corresponding concentration boundary layers thickness with
the increase in the Deborah numbers b2. Furthermore, it is also
observed that the concentration distribution and the associated
concentration boundary layer thickness diminishes as the Deborah
number b3 is augmented.The influence of the Prandtl number Pr and heat source param-
eter k on the concentration distribution is elucidated through Fig. 5
(a,b). An observation of Fig. 5(a) makes it clear that the concentra-
tion distribution is decreasing functions of the Prandtl number.
Moreover, It is also observed that concentration gradient at the
surface increases when the Prandtl number increases. Also, from
Fig. 5(b) we can observe that the concentration distribution and
concentration boundary layer thicknesses decreases near the plate
while the reverse effect is reported far away from the plate with
the increasing value of the heat source parameter.
The impact of the Schmidt number Sc and the ther-
mophoretic parameter son the concentration distributions /ðgÞ
is depicted through Fig. 6(a,b). It is anticipated from these
figures that there is a decrease in the concentration distribution
and the corresponding concentration boundary layer thickness
with increase in the Schmidt number Sc and the thermophoretic
parameter s. Physically, Schmidt number Sc depends on the
molecular diffusivity. Moreover, an increase in the value of the
Schmidt number Sc number represents the slow rate of
Table A
Variations of the Local Nusselt number and the local Sherwood number with Pr; k; Sc
and s when b1 ¼ 0:5; b2 ¼ 0:2 and b3 ¼ 0:45 are fixed.
Pr k Sc s h0ð0Þ /0ð0Þ
1.0 0.2 1.2 0.1 0.953249 1.25206
1.2 1.07256 1.25597
1.4 1.18170 1.26460
1.2 0.0 1.07647 1.24925
0.1 1.07376 1.27925
0.4 1.05376 1.29925
0.2 0.8 1.12376 1.35925
0.9 1.33376 1.38925
1.1 1.57376 1.45925
1.2 0.2 1.32376 1.15925
0.3 1.51376 1.33925
0.4 1.77376 1.67925
836 W.A. Khan, M. Khan / Results in Physics 6 (2016) 829–836molecular diffusion which as a result reduces the concentration
boundary layer thickness.
Table A shows the numerical values of the Nusselt number and
the local Sherwood number for different values of Pr; Sc and s
when b1 ¼ 0:5; b2 ¼ 0:2 and b3 ¼ 0:45 are fixed. It can be seen
straightforwardly from Table A that the magnitude of the Nusselt
number and the local Sherwood number increases with increasing
values of Pr; Sc and s.6. Summary and conclusions
The thermophresis effects in the forced convection flow of non-
Newtonian fluid with heat and mass transfer in the presence of
thermal radiation and generation/absorption was intended to
investigate in this article. The resulting partial differential equa-
tions were transformed to a self-similar form and then these equa-
tions were solved analytically by utilizing the homotpy analysis
method (HAM). The important findings of our analysis are listed
below:
 An increase in the radiation parameter showed an enhancement
in the fluid temperature.
 The temperature and thermal boundary layer thickness were
reduced for the higher values of the Prandtl number for Pr
 The concentration distribution and concentration boundary
layer thickness were decreasing functions of the Prandtl
number.
 It was affirmed from above analysis that the concentration dis-
tribution and concentration boundary layer thickness were
diminished for the larger values of the Schmidt number.
 It was anticipated that the concentration distribution and con-
centration boundary layer thickness was increase for the ther-
mophoretic parameter.References
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